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Abstract 

Let (E, g) be a compact Riemannian surface without boundary. We consider a sequence of 
nonnegative solutions to the equation AgU^ + T^Uk - fk(x, Uk) on where Ag is the Laplace- 
Beltrami operator, ^ Too > in C'^(Z, R), fk{x, f) has critical exponential growth with respect 
to t, and fk -> /oo in Cl^il. x R). Let Fuix, t) - j^' fkix, t)dt and 

Jkiuk) ^\ ^ i^'^gUk? + Tkufjdvg - J Fk(x, Uk)dvg -> /3 

as ^ — > oo for some j6 e M. Then there exists some N e N such that /3 = Jco(uco) + 2nN, where 
Moo is a weak limit of Uk in M), the usual Sobolev space. If = 0, the convergence of 

to Moo is strong in M). 
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1. Introduction 

Let (S, g) be a compact Riemannian surface without boundary, W^'^CZ, W) be the usual Sobolev 
space, namely the completion of C°°(£, M) under the norm 

\l/2 

\Vguf- + u^^dvg] 

where V^m denotes the gradient of u and t/vj denotes the volume element with respect to the Rie- 
mannian metric g. Let /a: : 2 X [0, cx)) ^ R be a sequence of functions satisfying the following 
hypotheses: 

(HI) Mx, 0) = 0, and fk(x, f) > for all k, all x e 2, and all t > 0; 

(H2) fk e C2(S X [0, H-oo)) for each k and fk foo in Ci^^(E x [0, H-co)) as ;t ^ co; 

(H3) for any v > 0, there exists a constant Cy > such that for all k, all x € X, and all f > 0, 

Fk(X, f) < VtfkiX, f) + Cy, 
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where 



Jo 



Fk{x, t) = fk(x, s)ds 
Jo 



is the primitive of fk(x, t); 

(H4) fl^(x,t)/(tfkix,t)) ^ 2 as f — » +00 uniformly in A: e N and in x e E, where is the 
derivative of fk with respect to t, moreover there exists a constant C such that \'Vgfk{x,t)\ < 
C(l + fk(x, t)) for all {x, f) G 2 x M; 

(H5) there exist t/r, a continuous function with i/'(0) = 0, fo > 0, and ^0 > 0, such that 

\fk{x,t)lfk{y,t)-l\<>]f{dg{x,y)) 

for all t > to, all k > Uq, and all x,y e'Y., where dg(-, ■) denotes the geodesic distance between two 
points of E. 

By (H4) we have fk{x,t) - fo)e<''^''<''*'"'»' for any given fo > 0, where o(l) ^ as 
f ^ 00 uniformly in ;c e S. In view of the Trudinger-Moser embedding j?, \\. \2. T?], we 
say that fk{x, f) is of critical exponential growth with respect to t. A typical example satisfying 
(H1)-(H5) is 

fk{x,t) ^ Akte'\ (1.1) 

where Ak is a sequence of positive real numbers such that /l^: — > /loo as — > 00. Suppose that for 
each ^ 6 N we have a smooth function > satisfying the equation 

AgUk + TkUk ^ fk(x, Uk) in Z, (1.2) 

where Ag is the Laplace-Beltrami operator, ta is a sequence of smooth functions such that 

Tk Too in C°(Z,R), Too(x) > for all x e S. (1.3) 

Clearly Uk is a critical point of the functional 

Jk(u) ^^J (|VgM|2 + TkU^) dvg - J Fk(x, u)dvg (1.4) 

on the Sobolev space 1V''^(S, R). The existence of nonnegative solutions to the equation (ll.2l i in 
the case that Tk is a positive real number was studied by the author and Zhao in |16] by using 
a method of variation. More explicitly, assuming that Aj - Aj(I.) is the first eigenvalue of the 
operator Ag + t, where t > is a constant, we proved that the equation AgU + tu - Aue" has a 
nonnegative solution provided that A < Aj. The purpose of this paper is to study the quantization 
problem for the equation (11.21 ). Precisely we shall prove the following result. 



Theorem 1.1 Let (S,g) be a compact Riemannian surface without boundary. Suppose that Uk is 
a sequence of smooth solutions to the equation ( 17.21 ). where Tk is a sequence of smooth functions 
satisfying ( 17.31 ), and fk is a sequence of functions satisfying (H1)-(H5). Let Jk be as in U.4\l . If 
Jk(uk) /3 as k —* 00 for some e K, then there exists a nonnegative solution Moo G C(S, M) of 

/\gUoQ + TooMoo = fcx,ix, u^(x)) in 2, (1.5) 

and there exists N e N such that Jk{uk) — Joaiuoa) + 2nN + o{\), where o{\) — » Oas^ — > 00. Here 
Jco is also as in ( 17.41 ), where Tk, Fk are replaced by Tco and Fco respectively. IfN - 0, Uk ^ Uoo 
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strongly in W^'\l., W) and in fact in C'(2, M). 



The analogies of Theorem 1 . 1 were obtained in Euclidean smooth bounded domains several 
times during the last decade. In |2!], Adimurthi and Struwe considered a sequence of solutions 
to the equation 

-AR2Mi = fkix, Uk) in O c R2 

(1.6) 

Uk > in Q, Uk - on dO., 

where fk(,x,t) - fe'^'®, < ip'^it) < 2 for f > fo and if[{t)lt -> 2 as r -> oo uniformly in k. 
Such a function sequence fk satisfies (H1)-(H5) in the case that the Riemannian surface (X, g) is 
replaced by a smooth bounded domain of M^. Assuming that 



h(.Uk)^ \ \ \V^2Uk\^dx- \ Fk(x,Uk)dx ^ /3 
^ Jn Jn 



for < /3 < 4n and that the limit equation does not admit any positive solution with energy less 

1 2 

than 2n, they proved that either Uk — > u^ strongly in (J2) and has energy jS, or m^^ ^ 

1 2 

weakly in W^^' (Q) and Uk develops one blow-up point carrying the energy Ijt. This quantization 
result was surprisingly refined by Druet [6] to the case of all y6 e M and general nonlinearities 
of uniform critical growth, analogous to that of our current paper. Blow-up analysis for equation 
with similar nonlinearity was also considered by Adimuthi and Druet fT]. The key point in [0] 
is the gradient estimate ([6], Proposition 2), through which Druet studied the energy of ipk, the 
spherical mean of u^ with respect to blow-up points, instead of Uk itself. Thus he transformed the 
quantization problem for Uk to the quantization problem for tpk, which depends only on analysis 
on certain ordinary differential equation and is comparatively easy to be handled. Shortly, using 



similar idea Struwe 11 1311 succeeded to get a quantization result for a forth order elliptic equation 

-Al,Uk = AkUke^"l in O c R4 
Uk > in Q., Uk = Ajj4M^ = on c?0, 

where < /Ia: ^ as A; — > oo, and Uk ^ weakly in W^'^(Q). Also Lamm, Robert and Struwe 
^ proved a quantization result for the evolution of the equation il.6\ . where fk is as in ( II. lb . 
A recent inspiring work of Martinazzi and Struwe fl^ states the following: Let Q. c R^™ be a 
smooth bounded domain, > be a sequence of positive solutions to the equation -A]^2Uk - 
AkUke"'"i subject to Dirichlet boundary conditions, where < /Ia — > and ^ weakly 
in W'"'^(Q). Assuming A = limt^oo Uki-A'gimy^Ukdx < oo, they proved that A is an integer 
multiple of Ai - (2m- l)!vol(S^'"), the total 2-curvature of the standard 2m-dimensional sphere. 
In view of the Trudinger-Moser embedding for the space W,J'"(Q), where n > 3 and D. c R" is a 
smooth bounded domain, one may ask how about the equation 

I-A„Uk = AkU'r' e"^ in Q 
Ma ^ in Q, Uk - on dQ.. 

Up to now only an energy inequality has been obtained by the author and Adimurthi . Con- 
cerning the quantization for ( 11.7b . we have a lo ng way to go. For other work related to this kind 
of quantization problems we refer the reader to |T3, 13] and the references their in. 
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For the proof of Theorem 1.1, we first use a pointwise estimate on to find all separate 
blow-up points. Specifically we need to deal carefully with the term t^m^, which does not appear 
in the Euclidean case. Secondly we establish a gradient estimate for on Riemannian surface 
(2, g). This permits us to compare with its spherical mean with respect to blow-up points. 
Finally, following the lines of [Sj-ilfl-ill]; we make effort to get quantization results. Again we 
should deal with the extra term TkUk carefully. For calculations near blow-up points we prefer 
to choose isothermal coordinates. The advantage of such coordinates is that both the Laplace- 
Beltrami operator and the gradient operator have simple expressions. 

The remaining part of this paper is organized as follows. In the next section we prove a 
simple property of the weak convergence of u^. In Section 3, we locate the blow-up points of ui^ 
and describe the asymptotic behavior of uic near those points. In Section 4 we derive a gradient 
estimate on m^. We shall prove quantization results for near the blow-up points in Section 5, 
and complete the proof of Theorem 1 . 1 in Section 6. 

Throughout this paper we often denote various constants independent of k by the same C. 
In addition, we do not distinguish sequence and subsequence or points and sequence sometimes. 
The reader can easily recognize it from the context. 

2. Weak convergence 

In this section, we let > be a sequence of solutions to the equation ( 11.21 1 verifying that 
Jk(uk) —^/3 as A: — » oo for some /? e M, (2.1) 
where Jk is defined in (11.4b . We prove the following result, analogous to (|0], Lemmal). 

Lemma 2.1 Let fk be a sequence of functions satisfying (H1)-(H4). Let u^ be a sequence of 
nonnegative smooth solutions to ( 17.21 ), where satisfies as in ( 17.51 ). Assume that ( 12.71 ) holds. 
Then (uk) is bounded in W^'^(L, K), so that after passing to a subsequence, Uk — ^ Moo weakly in 
VK^'^(2, R), where Ua, € C'(S, R) is a nonnegative solution to the equation ( 17. 51 ). Moreover, we 
have 

lim J {\VgUkf- + Tkufj dvg = 2(j6 - Joduco)) + J (| VjM^oI^ + TooM^) dvg. (2.2) 

Proof Firstly we prove that (uk) is bounded in W''^(E, R). Testing the equation ( 11.21 ) by Uk, we 
have by integration by parts 

J (IV^maI^ + Tkufj dvg = J Ukfk(x, Uk)dvg. (2.3) 

It follows from ( l2Tb that 

J" {\SgUk?' + Tkufjdvg^2l3 + 2 ^ Fk(x, Uk)dvg + o(l). 

Hence 

I Ukfk(x,Uk)dvg^2/3 + 2 I Fk(x,uk)dvg + o(l). 
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This together with the hypotheses (H1)-(H3) imphes that 

Ukfkix, Uk)dvg < C (2.4) 



for some constant C. In view of (11.31 ), it follows from ( 12.31 1 and ( 12.41 ) that Uk is bounded in 
W^'^CL, R). Hence there exists some Moo e M) such that up to a subsequence, Uk Mco 

weakly in W^'^ilL, R), mj: ^ Moo strongly in L^(S, R), and Uk — > Mco a.e. in S. 

Secondly we prove ( 12.2b . Note that ^ TkU^dvg — > ^ TooU^dvg as A; — > oo. It suffices to prove 

lim I Fk{x,Uk)dvg- I Fco(x, MooWv^. (2.5) 



/^/t(-«, < ^Uk ftix, Uk) + Q, (2.6) 



By (H3), for any e > 0, there exists > such that 

Fk(x,Uk) < ^Ukfki. 

where C is as in ( 12.4b . Write SJ. = {jc e S : Uk{x) > t} and S[„ = {.x e S : Uaa{x) > t}. Take 
sufficiently large fi > such that Ce|S'i| < e, where | ■ | denotes the Lebesgue measure. Noting 
that lim sup^^^ < we have by using ( 12.4b and ( 12.6b that 

hm sup I Fk(x, Uk)dvg < e + C,\'L'^\ < 2e. (2.7) 

Since F/t(x, Uk) Faoix, Mco) as A; — > oo for almost every jc e Z, we have by Fatou's lemma 
Fa:,{x, Mco) € L'(S, R). Thus we can find sufficiently large f2 > t\ such that Foo(x, Uoo)dvg < e. 
This together with (12.7b leads to 



On the other hand, in view of (H2), the Lebesgue dominated convergence theorem implies that 



hm sup I \Fk{x, Uk) - Foc(x, Uco)\dvg <3e. 



lim I \Fk(x, Uk) - Foo(x, Uoc)\dvg = 0. 
Since e is arbitrary, we conclude 



lim I \Fk(x, Uk) - Foc(x, Uoc)\dvg - 0. 

Particularly we have ( 12.5b . 

Finally, in a same way as we derive (12.5b . we obtain 

lim I fk(x,Uk)ipdvt, - I foo{x,Uco)ipdv^ 

for any (/? e C°°(£, R). Testing the equation (11.2b by we have by passing to the limit ^ oo, 

JiVgUoo^gip + TooUo<,ip)dVg - I fao{x,Uao)ipdVg. 

Thus Moo is a weak solution of ( 11.5b . By (H4), there exists to > such that for all t > to, 
fk(x, t) < fk(x, to)e^'-''''«\ Letting A: ^ oo, we have fo«(x, t) < f^{x, fo)e^*''"'»' for all f > fo. Then 
Orlicz embedding implies that foo{x, Moo) e L''(S, R) for all p > I- Applying elliptic estimates to 
(O, we have that Moo eC (2;, R). □ 
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3. Multibubble analysis 



In this section we shall use the pointwise estimate to find blow-up points of a sequence of 
solutions to the equation il.2\ . This technique was first used by Druet fO] to deal with blow-up 
analysis for solutions to the equation ( 11.61 ). Assume > is a sequence of solutions to the 
equation ( 11.21 1 and ( 12.1b holds. From ( 12.3b and ( 12.4b we can find some constant C such that 

j^{\VgUkf+Tkul)dVg<C. (3.1) 

Then the Sobolev embedding theorem implies that for any p > I there is some constant C such 
that 

J uldvg < C. (3.2) 

These two properties are very important during the process of exhausting blow-up points. Pre- 
cisely we have the following proposition which is analogous to (|6], Proposition 1), (tSJ, Theo- 
rem 4.2), (|@], Theorem 1 in the case m — 1) and (Istl, Proposition 3.1). 

Proposition 3.1 Let (£,g) be a compact Riemannian surface without boundary, (fk) be a se- 
quence of functions satisfying the hypotheses (H1)-(H5), and (uk) be a sequence of smooth non- 
negative solutions to ( 17.21 ) such that ( 12.71 ) holds. Assume that maxj; u^ — > -Hoo as k ^ co. Then 
there exists N €N \ {0), and up to a subsequence, there exist N sequences of points Xi^k ^ Jc* £ 2 
and of positive real numbers r^k — » — > oo, where ri^k is defined by 

rr^ = Uk(xi^k)fk(xi,k,Uk(xi^k)), (3.3) 

such that the following hold: 



(i) For any i — 1 , 2, ■ ■ ■ ,N, take an isothermal coordinate system (Ui, 4>i', [x^ , x^}) near x*, where 
Ui c 1, is a neighborhood of X*, <pi ; t/,- — > Q,- c is a diffeomorphism and (f>i(x*) = (0,0). // 
we define 

rji^kix) = Uk{xi^k)(uk(xi,k + n^kx) - Uk(x^)) (3.4) 

for all X € Q.ik — {x e M? : "xj^k + fi,k £ ^i], where 'xj^k — (piixi.k) andHk — Uk o (f>J^, then there 
holds 

1 1 9 

mix) Voc(x) = log - — — in q„^(MO; 

i -t- \x\ 

(ii) For any I < i ^ j ^ N, there holds 

dg(xi,k,Xj,k) 

> -Hoo, as — > oo, 

ri,k 

where dg(-, ■) denotes the geodesic distance between two points ofL; 

(Hi) Define RN,k(x) — mini<,<]v dg(x, Xi^k)for x e Z, then there exists a constant C > such that 

Rl/x)uk(x)fk(x, Uk(x)) < C 

uniformly /n jc € E and A: e N. 
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Moreover, given any sequence of points (x/v+i,*), it is impossible to extract a new subsequence 
from the previous one such that (i) - (Hi) hold with the sequences (xi^k), i — I, - ■ ■ ,N + I. 

Finally, we have u^ Moo in C^^Jl. \ S) as k oo, where S — {x*, ■ ■ ■ , x*j^j}, and Uoo is given 
in Lemma 2.1. 



Proof. We divide the proof into several steps. 



Step 1. The first bubble. 

Assume Ukixk) - maxj; u^. If Ukixk) is bound, then applying elliptic estimates to the equation 
(11.21 ) we have Uk — > u^o in C'(S, M), where Moo is given by Lemma 2.1. Hereafter we assume 
Uk(xk) — > Set 

r,^^ ^ Uk(xk)fk(xk,Uk(xk))- (3.5) 

It is clear that r,t — > as — > oo. For otherwise, it follows from (H2) that fkix^, Ukixk)) is 
bounded. Combining (H4) and (H5), we conclude that fk{x, Uk(x)) is bounded in L'"(E, M). In 
view of ( 11.31 ) and ( I3.2l i. applying elliptic estimates to the equation ( 11.21 ) again we have Uk Uac in 
C'(E, M). This contradicts the assumption Uk{xk) — » +oo, and thus concludes rk as k oo. 

Assume Xk x* as k oo. Take an isothermal coordinate system (U, (p; {x^,x^}) near x*, 
where 1/ c 2 is a neighborhood of x*, : U — > Q c is a diffeomorphism and (p(x*) - (0, 0). 
In such a coordinate system, the metric g can be represented by 

g = e'l'idx^^ + dx^^) 
for some smooth function : Q — > M with i/'(0, 0) = 0. It follows that 

V, = e-^VR2, Aj = -e-'^AR2, (3.6) 

where Vr2 and Ar2 denote the usual gradient operator and the Laplace operator of respec- 
tively. The existence of isothermal coordinate system on Riemannian surface is a well-known 
fact in Riemannian geometry, see for example 1 15]. Define 

Uk(xk + rkx) 

Vk(x) = — — (3.7) 

Uk(Xk) 

for X e Q.k - [x eM} :^k + fkx e where Mjt - u^o (/>^\ 'xk - (f>(xk). It follows from ( ll.2l i. ( 13.51 1 
and ( 13.61 ) that Vk satisfies the following equation 

- Ar2v,(;c) = + + _ ,«^.-.-),2T,(J, + rkx)vk{x) (3.8) 

ut(Xk)fk(Xk, Uk(Xk)) 

on Qj, where fk(xk + r^x, t) - fki<p^^(xk + rkx), t). Note that Ukixk) - maxx Uk and Q.^ — > as 
k oo. It follows from (13.71 ) that Vk is uniformly bounded in Br(0) for any fixed R > 0. Since 
if/ is smooth, if/(0, 0) = 0, xj. — > (0, 0) and r^: — > as A: — > oo, g'/'fi. is also uniformly bounded 
in Br(0) for any fixed R > 0. Furthermore ef*<S+'''^) 1 locally uniformly in as A: — > oo. By 
(H4) and (H5), we have for all x e Qk and all k 

fkjxk + rkX,Uk(xk + rix)) 

fk(Xk, Uk(Xk)) 
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All these estimates together with (ll.3l l lead to 

II - AR2V^||L»(Bg(0)) ^0 as ^ ^ oo, V/? > 0. 
Applying elliptic estimates to J3.8l l, one gets — > Vm in Cj^^(M^), where Voo satisfies 

I -AR2Veo = in M2 
( Voo(O) = 1 = maxR2 Voo. 
The Liouville theorem for harmonic functions then leads to Va, = 1 • Therefore 

Vk^l in Cl^(M.\ (3.10) 

Now we set 

rik(x) = Uk(xk)(uk(xk + rkx) - Uk{xk)). 

In view of ( 11.21 ). rjk satisfies 

-A,n,rr^ - r^O^^^nx Jki^k + rkX,Uk(Jk + rkX)) 

+ r,x)r2M2(^,)v,,(^), ^ e q,. (3.1 1) 

We claim that 

rku[{xk)^0 as k ^ 00, Mp>\. (3.12) 

Actually, it is clear that there exists some constant c > depending only on the diffeomorphism 
such that for any fixed R> Q and all large k 

B,-,„,^(xk) c 0-' {MKr,(xk)) c B,R,^(xk). (3.13) 

Here and throughout this paper we denote the geodesic ball centered at x e S with radius r by 
Br(x), while the Euclidean ball centered at x & M.^ with radius r by Mr{x). This together with 
(13.1 Oi l, the mean value theorem for integral and the Holder inequality leads to 

rku'^(xk) = — I ul{xk)dx 

^ Jl,(0) 

= (l+o(l))— I 'u''i^(xk + rkx)dx 
^ Jb,(0) 



< (1 + o(l))-^ I M?''(JCA: + rkx)dx 
7r''^ \Jr,(0) 



1/3 



< (l+o(l))^ 



1/3 / ^ \l/3 



(3.14) 



where oil) OasA:^ 00 for any fixed p > 1. In view of ( 13.2b , our claim ( 13.121 1 follows from 
(13.14b immediately. 

For any fixed 7? > we let 77^'* be a solution to the equation 

{ -h^iill'^ = -Ar2 77, in B«(0) 

i (3.15) 
[ rll^ - on 5B«(0). 



In view of (13.111 1, we have by ( 13.91 1 and ( 13.12b that AKirjk is bounded in L|^^(R^). Applying elliptic 



estimates to ( 13.151 ). we have 



rf^'^i^' in C'(B«(0)). (3.16) 
Let T]^^ - rjk- rf^\ Then rf^^ satisfies 

-AK277f =0 in B«(0). (3.17) 

It follows from ( 13.161 1 and rjk <Q> that there exists some constant C such that rif\x) < C for all k 
and all x e Br(0). Applying the Harnack inequality to (13.17b . we conclude that rjf^ is uniformly 
bounded on B«/2(0). Hence 77^ is also uniformly bounded in Br/2(0). Applying elliptic estimates 
to (13.11b . we obtain 

m^rjo, in C'(Br/4(0)). 
This together with (H4), (H5) and (13.10b gives 

/t(xt,Mi(.X(t)) 

for all X e Br/4(0), where o(l) — » as A: — » 00 uniformly in x e Bs/4(0). Inserting (13.12b and 
(13.18b into (13.11b and noting that R > Q is arbitrary we obtain 

-Ar2 77oo = e^'J- in M2 

(3.19) 



/7oo(0) = = maxR2 7]^^. 
Moreover, using (12.4b . (13.5b . (13.10b . ( 13.13b and (13.18b . we estimate for any fixed R> 



Jbk(O) Uk(xk)fk{xk, Ukixk)) 



— lim I m^:(a;)/a:(a;, m<:(a;))£/a; 
< lim sup I Ukfk(x, Uk)dvg < C. 

It follows that 

e^'^-^'^dx < 00. 



Jr- 



A result of Chen-Li ^ implies that 

ri^{x) = - log(l + \x\^IA), X e R\ (3.20) 

It follows from (13.13b that 

I Ukfk(x,Uk)e'''^''''dx < I Ukfk(x,Uk)dVg < I Ukfk(x,Uk)e'^'^''^dx. 

In view of ( 13.10b and ( 13.18b . we have 



lim Um I Ukfk{x,Uk)e'^^"^dx - lim Um I Ukfk{x,Uk}e'^^^^dx 

r e^''"'dx^ f e^'^-dx. 



lim 



Therefore we obtain by ( 13.20b 

lim lim I Ukfk(x,Uk)dVg - I e^''°°(x)dx - An. (3.21) 
Step 2. Multi-bubble analysis 

In this step, we shall prove that there exists some positive integer { such that the properties 
(Se) and hold. Namely, there exist £ sequences of points (x, c E such that x* as 

k ^ oo, \ < i < and the following are satisfied: 

(Sj.) For every /:!</< £, letting r,_i > be given by (13.31 1. {Ui,(pi, {x', jc^)) be an isothermal 
coordinate system near x*, where f/,- c S is a neighborhood of x*, (pi : Ui — » c R- is a 
difFeomorphism with (pi{x*) - (0, 0), and letting 77, ^ be given by (I3.4l i. we have that r, ^ — > as 
A; — » 00 and 

?7aW ^ '7co(x) = -log(l + |x|2/4) in C,'„^(M^) as ^^00; 
{S]) For all \<i + j<{, 

dg{xi,k,Xj,k) 

» 00 as /c — > 00; 

33% 



(Sp There holds the energy identity 

Hm lim I Ukfk{x,Uk)dVg - An£\ 



''u;,,B/i.,j.(jr,-,i) 

(^f ) There exists a constant C > such that 



R]^ix)uk{x)fk{x, Uk(x)) < C 

for all X e 2 and all k&N. Here 

Rf,k(^) - ''^^^dgix, Xik). (3.22) 

From Step 1, we know that (Si) holds. Suppose for some { > I, (Se) holds but (ffe) does not 
hold. Choose xr+\^k £ satisfying 

R]kixe+\,k)iik{x[+\,k)fk{xt+\,k, Uk{xt+\,k)) = m2i^R]i^(x)uk{x)fk(x, Uk(x)) 

— > +00 as A: — > 00. (3.23) 

Let rc+\^k > be as defined in (13.3b . It follows from ( 13.3b . (13.22b . and (13.23b that rc+i^k — > as 
A; — » 00 and 

dg{x(+ik,Xik) . „ .0 

hm — ■ — = +CO, VI < ! < ^. (3.24) 

k^oo rc+i,k 

Also we claim that 

de(Xf-i-i k, X: k) 

lim ^ ' • = +CO, VI < / < {. (3.25) 

*^oo n^k 
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Suppose not. There exists some constant C such that for some I < i < (, there holds 

dg(xe+i,k, Xi^k) ^ Cri^k for all k. 

Hence we have 

Rlk(xi;+i,k)uk(x(+ik)fk(xe+i,k, Uk{xc+\,k)) < Cr]jjAk{xc+i^k)fk{xM,k, Uk(xe+ik)) (3.26) 
By (Sj,), we estimate 

r]^Uk{xt+\,k)fk{xu\,k,Uk{xe+\,k)) = ^ ^^^^ C u^(x)fk(x,Uk(x))e'''''^''Ux 

1 r„^(jc)/i(x,Mj;(x))c/Vg. 



This together with ( 12.41 ) implies that iUk{xe+\,k)fk{xt+i^k, Uk{xe+\,k)) is a bounded sequence, and 
whence (13.261 1 implies that R\i^{x[+\^k)uk(xe+\,k).fk(xi+i,k, M/t(-*^f +!,<:)) is bounded. This contradicts 
(13.231 1. Hence our claim ( 13.251 1 holds, and thus holds. 

Assume xi+\^k — > x*^^^ as A; — > oo. Take an isothermal coordinate system {Uc+\,(pc+\', [x^ ,x^]) 
near x^^j, where Ut+\ is a neighborhood of xj;^j, : f/f+i — > c is a diffeomorphism 
with ^f+i(x^^j) = (0, 0). In this coordinate system, the Riemannian metric g can be represented 
by 

for some smooth function i/r^+i : Qf+i — > R with (/'f+i(0, 0) = 0. Also we have Vg - e~'*'+'VR2 
and = -e^'l''*' A^i. 

Define _ 

Uk{x(+i,k + rf+i,ix) 

Vt+l,k{x) = ; 

UkKX(+\^k) 



for X e Q.M^k = {-« e : x^i^k + '"f+i.^Jc e Q^+i), where Xf+i_i = (^^+i(xf+i,<:), Uk^ Uko^ ' 



Now we prove that 

vt+\,k 1 in Ci;^ 
In view of (11.21 ). vy+i ^ satisfies the equation 



1 in CL (M^) as ;t ^ oo. (3.27) 



— i\g2Vi+\^ii\x) — ^ 

u^.{xM)^f^^(x[^\^k, Uk(xe+i,k)) 

_g^..,fe„+r,,„.)^2^^ + re^i,kx)vM,k(x) (3.28) 

on where /i:(x, f) = fkifp^di^x), t). By ( 13.231 ). we have 

RlkCxe+uk + re+ikx)uk(xe+ik + rt+\,kx)fk(xe+\,k + re+\,kX,Uk(xt+\,k + re+\,kx)) 

< Rli,(xe+ik)uk(x(+i,k)fk(xe+ik, Uk(xe+ik)), (3.29) 

where Rg^^ - Rt,k ° 4>^ly Fix any /, I < i < {. If x^^j x*, noting that dg{(p^^^y(x[+\,k + 
'"f+i./t-^), -^i./t) — > '^^(■'c^+p -^j*) and dg{x(+\^k, Xi^k) dg(x*^^^,x*) as A: — > oo, we then have 

dg(4)(li(xe+ik + re+ikx), Xi,k) = (1 + o(l))c/^(xf+i,i, x,;^.), (3.30) 
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where o(l) as k ^ oa uniformly in jc e ]Br(0). If x^^j = x*, since the Riemannian distance 
and the EucHdean distance are equivalent in the same local coordinate system, we then have 
{(pt+iixf+i^k) - '/>(+i(xi,k)\ = (1 + o(l))dg(x(+i^k, Xi^k)- Recalhng ( 13.24b . we obtain for all x e Br(0) 

dg{(p'(lx(xt+\,k + re+\,kx), Xi,k) = (1 + o{\))\xc+\,k + re+\,kx - 

= (\ + o{\))dg(xc+\,k,xi^k)- 
Hence we have ( 13.301 1 in any case. Combining ( 13.291 ) and ( 13.301 ), we obtain for x e B/{(0) 

^fkCxe+ik + rM,kX,Uk(xt+\.k + re+i,kx)) 
V{+i,k(x) 



fk(xe+i,k, Uk(xe+i^k)) 
inf i<,<f dg(x(+[_k, xi^kf 
inf i<,<f dgicjy'flAxt+i^k + rt+\,kx), x,-,^)^ 



= l+o(l), (3.31) 
where o(l) — > uniformly in x e Br(0). From (H4), we know that there exists fo > such that 

fk(x,t2) 



fk(x,ti) 



> e'~2''' for all fi, f2 > fo, and all x e Z. (3.32) 



If there exist some Ro > and a sequence of points (zk) c Bs„(0) such that ve+i^kizk) — > a > 1 as 
A; — > oo, then we conclude by ( 13.321 ) and (H5) that 

, 'fk(xe+i,k + rt+i,kZk,Uk(x{+i,k + r(+i,kZk)) a+l 

ve+i,k(zk) 77 ; rr > > 1 

Jk{xe+i,k, Uk(Xf+i^k)) ^ 

for sufficiently large k, which contradicts (13.311) . Therefore we obtain 

limsup||vf+i,i||z,»(Bg(0)) < 1, V/? > 0. 

When Vf+i ^.(x) > 1, we have by (13.28b and ( 13.31b , AR2Vf+ijt(x) - o(l), where o(l) is the same 
meaning as that of (13.31b . When V(+\,k{x) < 1, using (H4) and (H5), we also have Avf+i ^.(x) - 
o(l), where o(l)— >Oas^— >oo uniformly in all x satisfying Vf+i.i(x) < 1 for sufficiently large 
k. Now applying elliptic estimates to the equation (13.28b , we obtain 

ve+i,k in Ci'„e(^^^)' 

where v^+i^co is a solution to 

-AR2Vf+i,oo =0 in 



< Vf+l,oo < 1. 

Note that Vf+i oo(0) = 1. The Liouville theorem for harmonic functions leads to Vf+i oo = 1. 
Whence dl^Tl l holds. 

Define another sequence of blow-up functions by 

ne+ukix) = Uk(xe+ik)(uk(xe+ik + re+ikx) - Uk(xe+i,k)), x e Q^+i,*. (3.33) 
In the following, we will prove that (Sj^j) and (S^^j) hold. By ( 11.21 ), rje+i^k satisfies the equation 



- AM_2T](+\,k(x) = e' 



^f+i (^i.u+rc.u^) ■fk(xM,k + rnux, Uk(Je+i,k + rui,kx)) 
fk(xe+i,k, Uk(xe+i,k)) 



-e'^'*'^'-'*^'-'*'*-'^k(xM,k + re^i,kx)rM kul(xui,k)ve^i,k(x) (3.34) 
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on 0.e+i,k- We claim that for any fixed R > 0, 

limsup;;<'+i ^:(x) < uniformly in x € Br(0). (3.35) 

For otherwise, we may take a sequence of points (yif) c Br(0) such that ri(+\ kiyk) > /3 > for all 
sufficiently large k. By (H4), (H5) and ( 13.271) . we obtain 

fk(xi+l,k, Uk(xui,k)) 

= (1 +o(l))e<2+''(i))'/f+i.'te) 

> l+2/3 + o(l). 

This together with (13.31b leads to 

1 +2/? + o(l) < 1 +o(l), 

which is impossible when k is sufficiently large. Hence our claim (13.351 1 holds. By ( I3.27l i. using 
the same method of deriving ( I3.12l i. we conclude 

rM,k'^k(^e+\,k) -^0 as ^ ^ oo. (3.36) 

Combining ( 13.27b and ( I3.33b - (l3.36b . similarly as we did in Step 1, we arrive at 

le+ukix) -> 77oo(x) in C,'„^(M^) as -> oo, 

where ricoix) - - log(l + |xp/4) is the unique solution to ( 13. 19b . Hence (S'^j) holds. 
Moreover, using the same method of proving (13.21b . we arrive at 

Ikn hm I Ukfk{x, Uk)dvg - I e^'^"^"^ dx - An. 

Thus (S^^,) holds. 

Actually, we have proved that if (Sf) holds but {Qf) does not hold, then (Sf+i) holds. Note 

that 

I Ukfk(x,Uk)dvg>y I Ukfk(x,Uk)dvg^A(£+\)n. (3.37) 

In view of (12.4b . the process must be terminate after finite steps. This ends the proof of Step 2. 
Step 3. Exhaustion of blow-up points 

It follows from Step 2 that there exists some e N \ {0) and £ sequences of points (x^), 
i = such that (Sf) and (ffc) hold. If there exists a sequence of points (x^+i^k) of E 

such that after extracting a new subsequence from the previous one, (Sf+i) and hold, we 

add this sequence of points, and so on. The process necessarily terminates because of ( 12.4b and 
(13.37b . Therefore there exists some e N \ {0) and sequences of points (x,-^), i - \, - ■ ■ ,N, 
such that (Sat) and {Qn) hold and such that, given any sequence of points {xN+\,k), it is impossi- 
ble to extract a new subsequence from the previous one such that (Sat+i) and {Qn+x) hold with 
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sequences (xi^k), i - 1 , ■ ■ ■ , + 1 • 



Step 4. Convergence away from blow-up points 

Set >S = {x* , ■ ■ ■ , x^). We will prove that — > Uoo in C\^JY. \ S). In view of {Qn), given any 
compact set A' c S \ .S, there exists a constant C such that 

Uk(x)fk(x, uic{x)) < C for all X e K and all k. 

If Mit(x) > 1 for some x e K, then fk{x,Uk{x)) < Ck- If Uk{x) < 1 for some x e K, then (H2) 
implies that fk{x, Ukix)) is bounded uniformly in x with Uk{x) < I. Thus, for all x & K, fk(x, Uk(x)) 
is bounded in L°°{K). In view of (11.3b and ( I3.2l l. applying elliptic estimates to the equation 

AgUk(x) + Tk(x)uk(x) = fk(x, Uk(x)), xe K, 

we obtain the convergence Uk mq in C^^^il, \ S). 

Combining the above four Steps, we complete the proof of Proposition 3.1. □ 

4. Gradient estimate 

Let Mjt > be a sequence of solutions to ( 11.2b . In this section we shall establish a gradient 
estimate on u^, which can be viewed as a manifold version of Proposition 2). Precisely we 
have the following result. 

Proposition 4.1 Let (Z, g) be a compact Riemannian surface without boundary, fk be a sequence 
of functions satisfying (H1)-(H5), and Uk > be a sequence of smooth solutions to the equation 
l\1.2i such that f l2.7l ) holds. Assume that maxj; u/t — > +oo as k ^ oa. Let e N \ {0) and the 
sequences jc/i, / = 1, ■ ■ ■ ,N, be given by Proposition 3.L Then there exists a uniform constant C 
such that 

RN,k{x)uk{xW gUk{x)\ < C 
for all X el, and all k, where RM,k{x) is as defined in H3.22\l . 

Proof Choose yk el such that 

RN,k(yk)uk(yk)\'^gUk(yk)\ = maxRN,k(x)uk(x)\VgUk(x)\. (4.1) 

Suppose by contradiction that 

RNM(yk)uk(yk)WgUk(yk)\ +oa as k^ oo. (4.2) 

Set 

Sk = RN,k{yk)- (4.3) 

By Proposition 3. 1, we have Uk — > Mm in C^^il, \ {Xj, ■ ■ ■ , x^)), which together with (14.2b implies 
that — » as ^ — > oo. Without loss of generality, we may assume that yk — > x* as — > oo, 
Xj = ■ ■ ■ - x*^ for some I < { < N, and x* 9^ x* for any j e {{ + 1, - ■ ■ ,N}. Take an isothermal 
coordinate system (U, (f>; {x\ x^)) near x*, where t/ is a neighborhood of Xj e S, : t/ — » D c 
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is a diffeomorphism with ^*(xj) - (0, 0). In this coordinate system the Riemannian metric g can 
be represented hy g - e'^idx^^ + dx^^), where (/^ : Q — > M is a smooth function with (/((0, 0) = 0. 
Denote - <p(yk),Uk - Uk° <^"'. We set 

Vkiy) = Uk(yk + Sky) 

for y e Q^. = {y e : + Sky e i^). Define 

Xi,k -yk ^ . , „ 

and 

Sk = {yi,*, ■■■ -ya)- 

Since Sk — > 0, we have — > as ^ — > oo. Denote 



S - Hm Sk- 

k^co 



By (l43T l and the fact (^(0, 0) = 0, we have 

~ {xik — y^kl 

ds,2(0,Sk) = mf \yi^k\ = mf ^ 

l<i<C l<i<t Sk 

. ^ (1 + o{l))dg(xi,k,yk) 
- mf 

l<i<f Sk 

= l+o(l), 

and thus _ 

dK2(0,S)^l, (4.4) 

where t/R2(-, ■) denotes the Euclidean distance of M^. Clearly, Vk{y) satisfies 

- AM.2Vk(y) = e^^O^'+^'-'^s^ ^^(y^ + Sky,Uk(yk + sty)) - nCn + S/t3')vi(3')) (4.5) 
for y 6 Q,t. By (Hi) of Proposition 3. 1, we have 

RN,k(yk + Sky)^vk(y)fk(yk + Sky, Vk(y)) < C (4.6) 
for some constant C independent of k. Note that 

RN,k(yk + Sky) = RN,k('P'^(yk + Sky)) 

= inf dg((p'^(yk + Sky),Xi,k) 
\<i<e 

= (1 + 0(1)) inf dKi(yk + Sky,Xi^k) 
\<i<i 

= il + o{\))skds2{y,S k). (4.7) 

Combining (I4.6l l and ( 14.7b . we have 

slvk(y)fk(yk + Sky, Vk(y)) < (4.8) 

dTSL2(y,Sk)^ 
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which together with (HI) and (H2) leads to 



< slfk(yk + Sky, Vk(y)) < (4.9) 



dR2(y,Sk)^ 

In view of ( 13.21 ). we estimate for any p > 1 and any R > 0, 

I (slvk(y)ydy = si'' I Uk(yk + SkyYdy 

Jb«(0) ^Bk(O) 

^ as /t^oo. (4.10) 

Denote for any R > 

Ar = Br(0) \ U,e5Bl/«(y). 

Clearly there exists some Ro > such that A«/4 is necessarily smooth bounded domain provided 
that R > Rq. Now we take R > R(,. In view of (fT3T l, dOt . ( I4r9b . and ( 14.10b . we arrive at 

lim \\AM2Vk\\u'(A,) =0, VR> Ro, Vp > 1. 

Let Wk satisfy 

( -AR2Wk = -AR2Vk in Ar 
y Wk -0 on 5Ar. 

It follows from (14.101 1 and elliptic estimates that there exists some function w such that 

Wk ^ w in C'(Ar). 
Particularly Wk is uniformly bounded in Ar. While Vk - Wk satisfies 

( -Ar2(v^ -wk) = in Ar 

\ (4.11) 
t Vk-Wk^Vk on 5Ar. 

We claim that 

Vk(0) +00 as ^ oo. (4.12) 

For otherwise, (vi(0) - Wi(0)) is a bounded sequence. Noting that Vk - Wk has lower bound in Ar, 
and applying Harnack's inequality to (14.1 11 1, we obtain 

Wn - Wi||L»(A«/2) ^ C 

for some constant C depending only on R. Then elliptic estimates together with (??) imply that 
x'k is bounded in CHAr/4). In view of (14.4b . this leads to 

v^(0)|VR2Vi(0)| < C. 

While (l4Tb and (l4T2l l implies 

VA:(0)|VR2Vi(0)| ^ +00 as ^^oo. (4.13) 
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This is a contradiction. Hence our claim (14.121 1 follows. 

Replacing v^. by VklvkiQ) in the above estimates, we obtain 



in ClS^^\S) (4.14) 

as A; — > oo. For y e D.^, we set 

~ , , Vkiy) - VkiO) 
|Vr2v,(0)| ■ 

It follows from (l4Tb and ( |4!7] ) that 

Vi(}')|VR2Vi:(3;)| < (1 + o(l)) , y e Qi \ 5^ 

This together with (I4.14l i gives 



where o(l) — > as A: — > oo locally uniformly in y e \ >S. Since \'k{Q) - 0, it follows from 
(14.15b that is uniformly bounded in C' (Ar) for any 7? > 0. In view of (14.51) and (14.141) . we have 

- ^^2Vk(y) = -(l+o(l)) 



v<t(0)|VR2y,(0)| 

l+o(l) 



'^^'^'''hlvkiy) [fk(yk + Sky, vdy))-n(Jk + Sky)vk(y)} (4.16) 



for y e O^. Similar to ( 14.1 Oi l, sjvl is bounded in L^^^(R^) for any /9 > 1. In view of ( 14.8b and 
(14.13b . applying elhptic estimates to the equation ( 14.161 ). we have 

Vk^v in Cl^{R^\S) as k^oo, (4.17) 

where "v satisfies 

AR2'i7=0 in ]S}\S, v(0) = 0, |VR2'i7(0)| = 1, (4.18) 

and 

|Vr27(3;)| < / yeR^\S. (4.19) 

Let y e »S. For any < r < c/r2(5', \ {y])/2, since 

I ViAR2yj:t/y = I Mj,(yj. + Siy)s^AR2M<.(y<. + Sky)dy 
I Uk(x)Aif^2Uk(x)dx 



f 



UkAgUkdv^, 

r'(B,,-Cft+s0O) 



we get by (O, (EH and (O 

I vj:AR2Vj:t/y < I (ukfk(x,Uk) + Tkuf\dVg <C. 
\Jmj\) Jy. 
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Similarly we have by (13.11 1 



It then follows that 



I VkdyVkdcr^ I \VsiVk\^dy- I Vk^w^kdy ^ 0(\). 
JdM,[y) JKAy) J'RAy) 



While (l4TT4l l and ( l4l7l i lead to 

I Vi:5vVtlicr = Vj.(0)|Vr2VJ;(0)| I 5vVc/cr + o(l) 

This together with ( 14.131 1 gives for any < r < d-^iiy, S \ {y])l2 

Xdyvdcr - 0, 



which leads to 

d I 1 



Xvdcr\ — r dyvdcr = 0. 

Br(v) / 27rr Jc)B,.(v) 



Hence there exists some constant a depending only on y such that 

vdo-^a, W < r <ds.2(y,S\{y})/2. (4.20) 



-f 



Given any y e cJBrCy). (I4.20l i permits us to take y* e dMriy) such thatv^y*) - a. It then follows 
from ( 14.191 ) that \v(y) - a\ < n. This indicates that is bounded near y. Since this is true for all 
y e S,we conclude that is a smooth harmonic function in M^. By the mean value equality, 

I vdcr = 0, > 0. 

This together with ( 14.191 1 implies that is bounded in L°°(R2). Actually we can take z e 5Br(0) 
such that vj;(z) = 0, in view of ( 14.191 ), we then have for all y e 5Br(0) 

\vk(y)\ = \vk(y) -niz)\ < sup |Vr2v| < 2n, 

(JB„(0) 

provided that R > 2 sup-^^ \y\. Note again that v(0) - 0. Applying Liouville's theorem to ( 14.18b . 
we have = 0, which contradicts the fact that |VR2'y(0)| - 1. This completes the proof of the 
proposition. □ 



5. Quantization 

In this section we prove quantization results for the equation (11.2b . Let Xj, ■ ■ ■ , be as in 
Proposition 3.1. For some 1 < / < A^, x* is called a simple blow-up point if = 1 or xj + x, for 
all y e {1, ■ ■ ■ , A^) \ {/); Otherwise we call x* a complicated hlow-np point. In the following we 
distinguish these two types of points to proceed. 
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5.7. Quantization for simple blow-up points 

Let X* be a simple blow-up point. Take an isothermal coordinate system (f/,-, 0,; {x', x^)) 
near x*, where U, c E is a neighborhood of x* such that x* i f/,, the closure of [/,-, for all 
7 e { 1 , ■ ■ ■ , A^) \ {/). As before (pi : t/,- ^ Q c is a diffeomorphism with (pi{x*) - (0, 0). Partic- 
ularly we can find some S > such that B2a(0) c Q. In this coordinate system, the Riemannian 
metric g = e'^'(dx^^ + dx2^) for some smooth function i/r,- : £2 — > M with i/',(0, 0) - 0. In this 
subsection we prove the following quantization result. 

Proposition 5.1 Let Xj^k ond X* be as in Proposition 3.1. Suppose that x* is a 

simple blow-up point. Then up to a subsequence, there exists some positive integer 7*'^ such that 

lim I (\^gUk\^ + Tkul)dvg^ I {\VgUoo\^ +rooul„)dvg+Anf'\ (5.1) 
''^°°JUi Ju, 

where Ui is a neighborhood of x* as above. 

In the coordinate system {Ui,<pi;{x^,x^}), we write x,;jt - <pj^(x^), 'ukix) - Uk{<pJ^{x)), 

'Tk(x) = Tk((l>j\x)) and fkixjikix)) = fki<Pi^ix),Uki^J^ix))) for any x e Q. Moreover for 
Q < s < t < 6 we define the spherical mean of Hk, the total energy and the neck energy of 
Uk around li^k by 

Vkit) ^ ffit) ^ f Ukdcr, (5.2) 

^^t JaB,(j,j) 

A,(0 = Af(0= r Ukfk(x,uk)dx, (5.3) 

and 

Nk(s,t) = Nf(sJ)^ I Ukfk(x,Uk)dx (5.4) 

JB,(7i,i)\B,(7i.i) 

respectively. We say that the property CHf) holds if there exist sequences 

sf^^O<r['Us['U---<rfUsf^o(l) 
such that the following hypotheses are satisfied: 

CHe i) hm r[^V«P' = Hm s*^'"'V'-p^ = for all 1 < j < {; 

CHf 2) lim ipk(s^^)lnil^r]j^) = for alll < ; < ^ and all L > 0; 

CHe 3) Hm At(i*-''*) = An j for all 1 < ; < 7"; 

k—>oo 

CHeA) Hm lim (a^k4^'"", r*^'Vi) + Nk(Lr^i^\ 4^')) = for all 1 < ; < ^. 

To prove Proposition 5.1, we follow the lines of [Till . Precisely we use induction as 

follows; CHi) holds; If CKf) holds, then either CHe+i) holds, or 

lim lim Nk(sf\6/L) ^0. (5.5) 



19 



In view of (15.31). we have 



AA:(sf') ^ I Uk{x)fk{x,Uk(x))dx 



= (1+0(1)) Uk{x)fk(x,Uk(x))e*'^'^dx 
= (l+o(l)) I Ukfk{x,Uk)dVg 

%'(B,oa,-,t)) 



< (l+o(l)) J Ukfk(x,Uk)dVg. 

This together with (12.41 ) and ('K^^) implies that the induction terminates after finite steps. Letting 
{(i be the largest integer such that ('KfJ holds. Since x/jt — > as ^ — > oo, in view of the last 
assertion of Proposition 3.1, there holds for any fixed L> 2/S 

lim Ifc - Moo|lci(n\B„z.R*)) = 0. (5.6) 
Moreover it follows from ('K43) and ( I5.5l l (with ^ replaced by ^0) that 

Um lim I Ukfk(x,Uk)dvg - lim lim I 'ukfk{x,'uk)dx - 'XtiIq. (5.7) 

i-^cx, J^-i (B,,^(j;, ,)) L^oo i:^oc jB,,,cf;, 

Recalling the equation (11.21 ). we obtain ( 15.1b by combining (15.6b and (15.7b with /"^'^ = and thus 
complete the proof of Proposition 5.1. 

The proof of the above induction process will be divided into two steps below. 

Step 1. The property CHi) holds. 

For any function h . Q.- (pi(Ui) — » M, denote the spherical mean of h around 1^ by 
h(r) = r hdo-, VO < r < 5. 
Let wii be the unsealed function with respect to the blow-up sequence 77, ,t as in (13.4b . namely 

Wk(x) = Uk(Xi,k)(Uk(x) - UkiXi^k)), x&D.. 

The decay estimate on Wk near the point % ^ is crucial for the property CHi). Precisely we have 
the following result. 

Lemma 5.2 Given < e < 1. Let Tk be the smallest number such that ipk{Tk) — euk(xi^k)- Then 
f'i,k/Tk — > ai A; — > 00, where ri^k is as in ( 13.31 ). Moreover, for any b < 2, there exist some integer 
kf) and a constant C such that when k > ko, we have 



rik 

Wk(r) < blog — + C 
r 
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(5.8) 



for alio < r <Tk and 



lim KuiTk) = An. (5.9) 



Proof. It follows from Proposition 3.1 and the definition of Tk that r, = o(Tk) as A: — > oo. In 
view of (I1.2I) . Mi satisfies the equation 

- A^^'Uk = e''''(fk(x,Uk)-TkUk) in (5.10) 
Let (v^^) be a sequence of solutions to 

( -AR2Vt = e't''fk(x,Uk) on Br,.(%',;t) 

(5.11) 

i = M(t on d^Ttixi^k)- 

Then we have by (15.101 1 

{ -A^2{vk-Uk) ^ e'l''TkUk on Bt-^Xx,-,*;) 

1 _ _ (5-12) 

i - Mi = on dMjSxiM)- 

Applying elliptic estimates to ( 15.121 1. we can find some constant C independent of k such that 

\vk(x) -Uk(x)\ < C for all x e Bj-^XIi-.i). 
Moreover, it follows from Proposition 4. 1 that 

inf Uk>iPkiTk)-C (5.13) 

for some constant C depending only on the Riemannian metric g. Applying the maximum prin- 
ciple to (15.11b . we have by (15.131 1 

Uk(x) > VkiTk) - C for all x € Mr^iM^k). (5.14) 

Note that ipkiTk) - eukixik)- For any < f < T^, we have by (15.14b and the fact that Uk — > 
strongly in L^(E) 

Uk(xi^k) r e'^'TkUkdx < ^^^^ r e"^' {u\ + Cuk\dx - o{\). (5.15) 
For any Lrjk < t < Tk, we obtain by Proposition 3.1 

- Ukixi^k) I e'l'' fk{x,Uk)dx < -Ukixi^k) I e'l'' fk{x,Uk)dx 

' J«Lr,i,(Xi.k) fk(Xi,k,Uk(Xi_k)) 

= -(l+o(l)) r e(2+«(i)>,„^_^ 

-^Bi({)) 

= -47r + o(l), (5.16) 
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where o(l) ^ as A: ^ oo first, and then L ^ oo. In view of ( 15.101 ). Wk satisfies 



-AR2Wt = Uk{xi^k)e'l'<fk{x,Uk) - Uk(xi,k)e'l''TkUk 
Then we have for any Lr,-^ < t <Tk 

2ntw'f.(t) - I dyWkdcr = I A^iWkdx 

= -Uk(Xi, 



i,k) I e'l''fkix, Uk)dx + Ukixi^k) I 



e'^'TkUkdx 



= -Uk{Xi,k) 

< -47r + o(l) 



e'^'fkix, Uk)dx + Ukixi^k) 



'^'TkUkdx 



Here we used ( 15.151 1 and ( 15.16b in the last inequality. Thus for any b < 2, there exists some 
integer such that 

w),{f)<-- for all k>kQ. 
This together with Proposition 3.1 leads to 



Wk{t) < Wk(Lri^k)-b log 



Lrik 



^ log , ^ jj -blog-^ +o(l) 

< blog—+C 
t 

for some constant C, all k > ko, and all Lrij < t < Tk- It follows from Proposition 3.1 again that 
the above inequality also holds for < f < Lr,jt. Hence (15.8b holds. 
By (|5?8] | and ( 15.14b we have 

(e - \)ul{xi^k) - Cuk(xi^k) < Wkir) < C, Vr e [Lr,-i, Tk]. 

Hence there holds for Lri k < r < Tk 



(filir) - ui(xi,k) = 1 + 



<Pk(f) \ — 



2 + 



Uk(Xi,k) 
Wk 

ulixuk)) 



Wkir) 



Wkir) 



< (1 + e + o(l)M(r) + (l -e + o(l))C 

< (1 +2e/3)/7log— +C, 

r 



provided that k is sufficiently large. For < r < 5 we denote 



Ok(r) ^ (fl\r) ^ — I fk{x,ipk{r))da: 
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- r 



(5.17) 



(5.18) 



Taking b such that (1 + 2e/3)b = 2 + e in ( 15.171 ) and recalling (H4) and (H5), we can find some 
constant C such that for Lr, ^ < r <Tk 

Okir) 0k(r) fkixi,k,'Pk(r)) 



fkixuk, Ukixi,k)) fkixi^k, tPk(r)) fk(xi,k, Ukixi,k)) 

= (l+o(l))- 



fk{Xi,k, UkiXi^k)) 

= (1 +o(l))e<^+''('»(*"'<''^~"'<^'-'» 

< c[^f^' (5-19) 



for sufficiently large k. For < s < t < S, we define an analogy of (15.4b as below, 

■I 

In view of (15.8b and ( 15.191 ). we estimate 



Nk(s, f) = A^;'(5, t)^2n \ npk(r)6k(r)dr. (5.20) 



NkiLn^k, Tk) = 27r r ' r<pk(r)0k(r)dr 

■JLi-a 



Jl/-,,,- UkiXi^k) fkiXi,k, UkiXi^k)) 



< 27r(l+o(l))Crf, I ' —dr 



This leads to 



< 27r(l +o(l))Ce"'L"^ 



lim lim NkiLn^k, Tk) = 0. (5.21) 

L— >oo >oo 



Since Proposition 4. 1 implies that 

ujix) - ifil(r) < C for all x e dMr(xi_k), 

there holds 

NkiLn^k, Tk) < CNk(Lri,k, Tk) + o(l). 
This together with (15.21b leads to 



Hm lim Nk(Ln,k, Tk) = 0. (5.22) 

L—>oo k—>OQ 



By Proposition 3.1, 

KkiLri^k)- I 'ukfk{x,Uk)dx - {I + oil)) I e^'^'-dx. 



Hence 



Hm Hm AkiLn^k) = 4n. (5.23) 
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Thus ( 15.9b follows from (15.221 1 and ( 15.231 1 immediately. 



□ 



By Lemma 5.2 we may choose a subsequence u^, numbers \ as A: — > oo and - Tiiek) 
with ri^kl Sk — » 0, ifk{sk) — » oo as — > oo and such that 

hm Ak(sk) = 4-7T, Hm lim NkiLri^k, ^k) = 0, 

while in addition 

lim-^^^^^=0, VL>0. 

i^oo ipkiLri^k) 

Let r^'' = r,i, s^'' = Sjt. Then ('Hi) holds and Step 1 is finished. 

Step 2. Suppose that CHf) already holds for some integer { > \, namely there exist sequences 
sf = < r^'^ < s*" <■■■ <rf < sf = oil) such that CTYf.i) «/? to ('H{,4) hold. Then we shall 
prove that either lim£_,oo limjt^oo Nkisf^ , S/L) = Q or CHc+i) holds. 



Setting 



Pk(t) ^ Pf(t) ^ t f Ukfk(x,Uk)dcT, Pkit) ^ P'k'it) ^2nt'^pk{t)9k{t) (5.24) 

JiM, 



and assuming (pHc) holds, we have the following result. 



Lemma 5.3 There exists a constant Co depending only on the upper bound of the total energy 



( 12.41 ) and the Riemannian metric g such that for s^P < tk — o{\), there holds 



Nk(sf, tk) < Pkitk) + CoNlisf, tk) + 0(1), (5.25) 
where o(l) ^ as k ^ oa, Nk and Pk are as defined in ( 15.201 ) and l[5.24\l respectively. 

Proof. We first claim that there exists a constant C depending only on 6 and the Riemannian 
metric g such that 

(Pk(s) < sup Hk < inf Tik + C < ipkif) + C for all Q < r < s < S. (5.26) 

Here and in the sequel we denote different constants by the same C. To see this, we set Vk be a 
positive solution of 

{ -Ariv^ = e''''fk(x,Uk) in Ms(xi,k) 

\ _ (5.27) 

i n-Uk on dMsixi^k)- 

Thus we have by ( ll.2l i 

{ -hji2{vk-Uk) ^ e''"TkUk in '^6(xi,k) 

\ _ (5-28) 

Vk-Uk^O on 5Ba(jc/,i). 

Noting that ||e''''7>Mjt||/^;(Bj(x,t)) is bounded for any p > I and applying elliptic estimates to ( 15.28b . 
we then find some constant C - CiS) such that 

Vkix) -C < Uk(x) < Vk(x) + C for all x e Ms(xi,k). (5.29) 
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By ( 15.27b . we have for < r < 5 



-(rv'kir))' = re'l" fkix, Uk). 

Integration from to r gives 



Jo 



Hence 

v[(r) < for all < r < 6. (5.30) 
Now fix0<r<s<6. There exist two points ^ € (9Br(^,i) and ( € dMs(xi^k) such that 

This together with the gradient estimate (Proposition 4. 1), ( |5.29t . and (15.301 1 leads to 

sup Uk < UkiO + C < Vk(0 + C 

< Vk(£) + C < inf + C. 

S«r(jCi.k) 

This confirms our claim (I5.26I I. 
Next we calculate 

d ( 1 ^^'^ 



- I ^j(fk(x^:k + rcos 6, x^t + rsm0, ipkir)) ■ (cos 6, sin 9)d6 

27!- Jo ^ ' ' 

2^ J ) (^'^ ^' ^' f'ki^'^d^' 

where we write 1^ - O^k'^k^- view of (H4), we obtain 

\e',(r)\ < C(l + Okir) + nirMirMir)) (5.31) 
For s - sf^ < t < tk, we have by the equation (11.21 1 

-Intip'iJj) = - I dyifkda- = - I l^m?^kdx 

JflB,(I,,t) JB,(I,.t) 

= I s'^'fkix,'uk)dx - I e'^^kUkdx 

= I e'^'fk(x,'uk)dx- I e'^''TkUkdx. 

It follows from (H4), (H5) and Proposition 4.1 that Jk{x,Uk) < C(l + ^(x, (^*(r))) < C(l + Ok{r)), 
where r -\x- 'xi^k\- Combining (H4), (H5) and (15.261) . we have 

r ipk{s)ek{r)dx < C{1 + Kkis)), 

JB.ft) 
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where the integrand (pt(s)0k(r) - (pk(s)0k(\x - x,-,t|). Note that (pk(s) ^ oo as ^ ^ oo. We obtain 
-2nt(f'^(t) < C \ (l+ek(r))dx 

< c 



< CNk{s,t) + o{\). 
This immediately leads to 



- TT J rV;(r)0^(r)a!r < CnI{s, t) + o{\). (5.32) 



Similarly we have 



- 2nt(fikit)ifi'i,(t) = - I (fik(t)dy(pkdcr ^ - I (fikiO^R^Vkdx 



(Pk{t)e'^'fk{x,uk)dx- ifk(t)e''"TkUkdx 
= I ipkif)e1'Jk{x,Uk)dx + o{\), (5.33) 

the last equality follows from (15.261 1 and — > Moo strongly in L^(S). Repeatedly using ( 15.26b . 
we obtain 



I ipk(t)e'l'^fk(x,Uk)dx < Ci ipk(t)il +ekir))dx 

< C [ (l+ipk(r))(l+0k(r))dx 
+C f i\+ipk(r))i\+ek(r))dx 

JB,,(I,.i)\B (ofe) 

1: 

+C [ (l+ipk(s)){l+6k(r))dx 

< c 



fk(^) 



Nk(s, t) + NkiLrf, s) + ^'^ UkiLrf) + o(l)) 
fk(Lrl ') 

This together with ( |533] |. (*Hf,2) and (•Hf,4) implies 

27rf^i(f)|^^(0l < CNkis, t) + 0(1). (5.34) 

Obviously 

J rV*(r)fl'r = 0(1), J rVt(r)0*(r)flfr = o(l). 
It then follows from ( 15.311 ) and ( 15.341 ) that 

-;r J rV(r)0;(r)fl'r < nC ^ ^ rW(r)\ip[(r)\0k{r)dr + o(l) 

< CNl(s,t)+o(l). (5.35) 
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Integration by parts gives 

Nk{s,t) = I 27Tnpk{r)0,,ir)dr 



This together with ( |532] | and dSJST l implies (|523- □ 
Lemma 5.4 Lef Co Z^e f/ie constant as in Lemma 5.3. Let t^ be such that for a subsequence 



sf < f, = 0(1), < lim Nkisf, tk)^a< . 



1 



Then s[^ = o(tk) as A; — > oo, liminf Pk(tk) > cell, and 



lim Hm Nkis^', t^/L) = 0, (5.36) 

L— >oo >oo 



where Nu and are as defined in f l5.20| ) an^/ i5.24\l respectively. 
Proof. We first claim that 

lim lim Nk(sf\ Lsf) = 0. (5.37) 
Actually, in view of (15.261 1. we have for < f < ft 

Pi(0 < CNk{tl2, t) + 0(1) < CPk(t/2) + o(l), (5.38) 

and 

Nk(t,2t) < CNk(t/2,t) + o(l). 
Particularly for any /' € N there holds 

lim Nk(2j-^ sf, 2hf) < C lim Nti^'^sf, 2-'"i sf) 

< a lim Nk(sf/2, sf) = 0. 

If L < 2', we obtain 

lim Nk(sf,Lsf) < lim V A^,(2'«-'if , 2"'if ) = 0. 

m=l 

Thus our claim (I5.37l i follows immediately. One can see from (|537]i that sf/tk as A: — > oo. 
By Lemma 5.3, 

lim inf P,(f,) > i Hm Nklsf, f,) = ^. (5.39) 
Now we show ( 15.361 1. Suppose not, there holds 



lim \\mNk(sf,tklL)^l3>Q. 

L->co k-ico 
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Then we have for any fixed L > 1 and all sufficiently large k 

Applying ( 15.251 1 with f^/L instead of f^, we get 

]imPk(tklL)>'^ 

k—*oo 4 



and then by dSJST l 



C lim Nk itk/(2L), tUD > lim PkihIL) > 



Choosing L = 2"', m = 0, 1, ■ ■ ■ , y - 1, we have 

^ < C hm Nk(2r'tk, tk) < C(l + Hmsup At(ft)) < C. 

We get a contradiction by letting j oa and obtain ( 15.361 ). □ 
Lemma 5.5 Suppose that 

lim sup P/t(f) = for any sequence — > as A; — > oo. (5.40) 

4-'<'<fi- 



Then we have 



lim lim A?t(if ,5/L) = 0. 



L— >Do (E:— >co 

Proof. In view of Lemma 5.4, it suffices to prove 



Hm Hm sup Pi(0 = 0. (5.41) 

s" </<(5/i 



Indeed, if we take some number f^j, e (s^^\6/L) such that 

Pk{tk,L)^ sup P^(0, 



then either 

lim tk.L = 0, (5.42) 

k^OQ 

or 

lim ft,z, = f2 > 0. (5.43) 

In the case of ( I5.42l i. we already have ( I5.41l i because of ( I5.40l i. While in the case of (15.431 1. we 
have by using ( 15.26b 

Pk{tk,L) < C^L (1 + VkitlmOkitlH)) (5.44) 

for sufficiently large k. Note that ffB>fj2(xi^k) c V>fJ^*.) \ B,2/3(^) for sufficiently large k, and that 
tk,L <^/L— >OasA;— >cx) first and then L — > oo. Moreover, by Proposition 3.1, we have Uk — > Mk> 
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inC/^^(S\ uJ^,{jc*),R) and e C'(2,M), particularly is bounded on Bi(x'). It then follows 
from ( 15.44b that 

lim lim Pkitk.i) = 0. 

Thus ( 15.411 1 holds again. □ 

If the assumption (15.40b is not satisfied, then (15.38b implies that there exists a sequence fj: — > 
as ^ — > oo such that 

limNk(sf\tt)>0. (5.45) 

We shall show that the property (Hc+i) holds. Take e tt) such that up to a subsequence, 
there holds 

0<limA^,(.f,rf' >)<-i^, 

where Co is as in Lemma 5.3. It then follows from Lemma 5.4 that 

(f) 

lim = 0, Hm Nkisf, ^) > 0, (5.46) 

'k 

liminfPi(rr'*) > 0, lim cpi(rf+'^) = oo, (5.47) 



and that 



Hm hm Nk(sf\ rf^^^/L) = 0. (5.48) 



Moreover, we have the following result. 
Lemma 5.6 Up to a subsequence there holds 

^f-^.) := ^,(rf' >) {uk(J,k + rf - ^.(rf ")) - 
in CjjR^ \ {0)) ask^oo, where 

2 



ri^'+^\x) = log 



V^(l + |xp) 

and 



L 

for some constant q-q > 0. 



ao 



Proof. To simplify the notations we write - r^^'^^\ rjk - Tf[^^\ and rj - rf^^^^. For any fixed 
L > 0, we set 

Vkix) = Ukixuk + rux), X e 1^(0) \ Bi/l(0). (5.49) 
In view of Proposition 4.1, there exists some constant C - C{L) such that 

\ul(xi^k + rkx) - (pl(rk)\ < C, 

and thus 

\tPk(rk) (uk(xi,k + rkx) - (pk(rk)) I < C. (5.50) 
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Hence 

Combining ( 15.47b and ( 15.501 1, we have 



rik is bounded in L,^^(M2 \ {0)). (5.51) 



in particular 



Vk-n{rk)^0 in Li'^.CE' \ {0)) as k^^. 



^'^ - 1 in Lio,(M^ \ {0)) as k^oo. (5.52) 



By the equation ( 11.21 ). we write for x e flj = {jc e : li^k + e 8^(0)) 

- ^^^r|k{x) = e^''^-'^^'"V*('-t)'-i'M* + rkx, v^ix)) - e'^'^--^^''''><pdn)rln(xi,k + rkx)vk(x). (5.53) 
Since Uk — > Moo strongly in L^(2), we have by using ( 15.52b 

„2,.2/„ \ _ k I ,2/ 



;(0)\B,(0) 



^2 

(1+0(1))-^ I v2(x)flfx 



37r 

l+o(l) 



i(0)\Bi(0) 



I M^(y)iiy 

JB2,,(Xt)\B,,ffii) 



3^ -'B2,jft.t)\B,j(I,-i) 

^ as k^oo. (5.54) 

By (15.47b we may assume 



rl(pl(rk)ek{rk) ^ ao > 0. (5.55) 



Moreover, by (H4) and (H5) we have 



fk(xi,k + rkX, Vk(x)) fk(xi^k + rkX, Vk(x)) 

- (1+0(1)) — 



^kirk) fkdi^k + rkX, (pk(rk)) 

= (1 +o(l))e(i+''(i»(''*W-^a('-'» 
= (1 +o(l))e<2+''a))';'W. (5.56) 

Applying elliptic estimates to (15.53b . we conclude from ( 15.511 ). ( I5.54l )-( l5.56b that 

77,^7, in Ci'„,(M2 \ jO)) as ^ ^ oo, (5.57) 

where rj satisfies 

- Ar2 77 = ffoe^'' in R^\{0}. (5.58) 
For any L > 0, ( 15.571 ) together with ( l2l1 i. ( 15.52b and ( 15.55b leads to 



r e^'^dx = lim f 

Jb,(0)\B,„(0) *^°°Jb, 



e^'"'dx 

JBL(mByUO) "^'^ JBz.(0)\B„i.(0) 



r Vk{x)fk{xi,k + vt(x)) 
lim I — - — dx 

JBi(0)\B,/i(0) Vkirk)Ok(rk) 



= iiim r 



uk{y)fk(y, uk(y))dy 
c 



< 
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Letting L ^ oo, we have 

e^^dx < oo. 



It follows from CHea) and CHf,4) that 

nirk)fk{y,Uk{y))dy < I (pk(r)fk(y,Uk(y))dy 



(pkiLr)') J« (fiCf,,,.) 
< A.,(L.f,.f) + ^^A,(Lrf) + o(l) 



^ 

as ^ — > oo first then L — > oo, that 



r ^t('-*)/;i(3', "iCy^^^y < Nkisf, n/L) + oil) ^ 



as A; — > oo first, then L — > oo, and that 



I (fik(rk)uk(y)dy < I ul(y)dy + o(l) ^ 



as A; — > oo. Therefore we conclude 



lim lim sup 



—Arjkdx 

i/l(0) 



< lim lim sup Vkirk)fk(y,Uk(y))dy 



+ Hm lim sup I 'fikirk)Tk(y)uk(y)dy 

= 0. (5.59) 

Let (k be a sequence of solution to the equation 

f -AR2^,W = e^'(^'-'-+'-'-'V-t(a)r2^(i;-.* + r,x,v,(x)) in Bi(0) 

\ (5.60) 

i = )7t on 51,(0). 

Then in view of ( 15.531 ). rjk - (k satisfies 

-Ar2(77, - 0(x) = -e1"'^^-^^'-^'^<fik(rk)rln(Ji,k + r,x)v,(x) in Bi(0) 

(5.61) 

m-^k^O on 51,(0). 
Since is bounded in L''(I.) for any p > I, applying elliptic estimates to ( 15.61b . we get 

Wlk - ^*;IIl~(B,(0)) < C 
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for some constant C. By (15.57b . rjk is uniformly bounded on dE>\{0). In view of ( 15.601 1. the 
maximum principle implies that there exists some constant C such that 

(k{x) > -C for all X e Bi(0). 

Hence 

rik{x)>-C for all jceBi(O). (5.62) 
By ( 15^ . ipkiru) < Vk{x) + C for all x e Mi/l(0) and L > 1. Note that 

/ N 2 7-/- / N 2n / ^fi<iHk + rkx,vi,{x)) 

iPk(rk)ri,fk(xi,k + rkX,Vk(x)) = ipk(rk)r,^0k(rk) -—— 

Okifk) 

= (ao + o(l))e<'+''<'»<"'W-^'<'-'». (5.63) 

Using an inequality - > 2b(a - b) for all a > and > 0, we get v^(x) - (f^i^(rk) > 2r]kix) 
for all ;c e Bi(0). Then (ESlll leads to 

r e^c/x < — 1 ipk(rk)rlfk(xi_k + rkX,Vk(x))dx (5.64) 
JB„i(0) ffo Jb,„,(0) 

for sufficiently large k. Combining ( 15.531 ). ( I5.59t . ( I5.62l i and ( 15.64b . we obtain 



p2 



lim lim ( /y/jiix = 0. (5.65) 

/l(0) 



For any (p e CJ^(R ), integration by parts gives 

XrjISipdx - lim I rjAipdx 
2 Jr2\B|„(0) 



lim - I -qdyipdcr + I ipdyTjdcr + I i^At/c/xI . (5.66) 

L^oo^ Jc)Bi/i(0) J(9Bi,i(0) Jr2\B„i(0) / 



It is clear that 



Xrjdvipdcr - lim I jjkdyipdo- 
-Bi/t(0) Jf3Bi,t(0) 

= lim I j]kA(pdx + I V7/i:V^iix 

= lim j TjkAipdx + I (pdyTikdcr — I i;oA77ic/x .(5.67) 

Moreover, by Proposition 4. 1 and (15.26b . there exists some constant C such that 

Wrik(x)\ = v'/t('"A:)'"^|VMji(x;-,Ar + rkx)\ < C/\x\ 
for all X e Bi/z,(0). This together with ( 15.59b leads to 

lim Hm I (pdvrjkdcr - (p{0) lim Hm I dyrikdcr 

L^oo t^oo J^B JflBi„(0) 



;flBi/i(0) "^"^ JflBi/i.(0) 

= ^(0) lim Um I Arjkdx 

= 0. 
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As a consequence 

lim I (fidyTjdcr - lim lim I ipdyTikdcr - 0. (5.68) 

JflB,/i(0) Jf5Bi/z,(0) 

Inserting (l538T l. (l539l l. (ESU, (Eg and dS^ST l into (ESUl, we obtain 

- I rjAipdx - lim I ai^e^'^ifdx - I UQe^'^ipdx. 

J'S? Jr-\Bi/z.(0) Jk^ 

Therefore 77 is a distributional solution to the equation 

-Ar2 77 = aoe^'' in 

By the regularity theory for elUptic equations, see for example (101, Chapter 2), rj e C°°(R^). By 
a result of Chen-Li Js]], 

2 

1 + \x\'^ 

and thus 



f 

Jk2 



This completes the proof of the lemma. □ 
It follows from Lemma 5.6 that 

lim lim Nk{rf^^^/L, Lrf^^^) ^ ao f e^'^""''dx = 4n. 

L^cck^c^ Jr2 

This together with ( 15.481 1 gives 

lim lim A^^Cif', Lr^") = 4;r. 

By the inductive hypothesis CHe^j,), 

lim lim Ai(Lrf" ) = Hm Um (Ak(sf) + Nt{sf, Lrf ^)) 
= 47r(^-Hl). 

Now we set w['^^''(x) - (pkirf'^^^)(uk(x) - (pkirf^^^))- Similar to Lemma 5.2, we have 

Lemma 5.7 For any e > 0, let 7'*'^^'' = r|^^''(e) > r^^^^^ be the minimal number such that 
(pk(T^^^^^) = eipkirf^^^)- Then we have ^(^+''/7'(^+') _> q as A; — > 00. Moreover, for any b <2 and 
sufficiently large k, L, there holds 

r). 



wfV)<^log-^ + C for all Lrf ^ < r < rf 
where C is a constant depending only on uq and (2, g), and we have 

lim Nk(sf>, rf = 4n. 
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Proof. Since the proof is completely analogous to that of Lemma 4.2, except that instead of 
Proposition 3.1 we shall use Lemma 5.6 and omit the details here. □ 

For suitable if^'' - T^i^^^\^k), where \ is chosen such that Uk{s"^^^^) oa ask ^ oo 
and '"f^'V4^^'^ — > as A; — > oo. Moreover 



and 



By the definition of s"^'^^\ 



lim Aj:(if^^') = 47r(^+ 1), 



lim lim Nk(Lrf^^\ sf+") = 0. 



lim - — = for any L > 0. 



Hence CHf+x) holds. This completes Step 2, and thus the proof of Proposition 5.L 



5.2. Quantization for complicated blow-up points 



In this subsection, we shall prove a quantization result for complicated blow-up points. 
We assume that x* is a complicated blow-up point of order m, namely there exists a subset 
{/i , ■ ■ ■ , /„,) c { 1 , ■ ■ ■ , A^) such that dg{x*, x*^) - for all { e {i\, - ■ ■ , /„,) and dg{x*, x*) > for 
all 7 e {1, ■ ■ ■ , A^) \ {ii, ■ ■ ■ , Particularly we have / e {/i, ■ ■ ■ , /,„). Take an isothermal coor- 
dinate system {U, <p; {x', jc^)) near x*, where f/ c E is a neighborhood of x* such that x* i U, 
the closure of U for all j e {!,■■■ ,N} \ [i], ■ ■ ■ , /„,), (f> ■ t/ ^ c is a diffeomorphism with 
<f>(x*) - (0,0). We can find some 6 > such that B2j(0) c Q. In this coordinate system, the 
Riemannian metric g — e'^idx^^ + dx2^) for some smooth function t// : Q. ^ with i//(0, 0) — 0. 
We prove the following result. 

Proposition 5.8 Let u^, Uoo, Tk, t"oo, x,_i and x* be as in Proposition 3.1. Suppose that x* is a 
complicated blow-up point of order m as above. Then up to a subsequence, there exists some 
positive integer I such that 

lim \ {\V gUk\^ Tkul)dvg ^ I (IV^Mcx,!^ H- TooM^)(iVj H-47r/, (5.69) 

k~^°°Ju Ju 

where U is a neighborhood of x* chosen as above. 

Similarly as before we denote = (pixj^k) for j e{ii, - ■ ■ , i,„},'ui< = MjiO(^"', t> = tj;O0"', and 
Mx,Ukix)) = f((f>-\x), ut{(f>-\x))). Let <pk = ipf, Ak = Af and A^^^ = A^f be as defined in iSJi . 
(15.31) and ( 15.41) respectively. The proof of Proposition 5.8 will be divided into several steps below. 



Step 1. Blow-up analysis at the scale o{pk), where 



JO 



1 



Pk ^ PV = T inf \Xj^k- Xi^k\- 
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By Proposition 3. 1 we have linii^co lim^^oo hk(Lri,k) - ^-tt. Let - r/ ^ . We distinguish the 
following two cases to proceed. 

Case 1 there exists some < eo < 1 such that for all t e [r^i^\pk] there holds (pk(t) > eo<pk(r^i^^); 
Case 2 for any e > there exists a minimal Tk — Tk(e) e [r^j^^Pk] such that <pk(Tk) — e(pk(r^i^\ 

In Case 1, the decay estimate that we established in Lemma 5.2 remains valid on [r^i^\pk]- 
Moreover 

lim lim Akisk) - 4-jt 

L— >oo ^— >oo 

for any sequence Sk satisfying Sk/pk — > and Sk/r^/^^ — > oo as A: — > oo. The concentration analysis 
at scales up to o(pk) is complete. 

In Case 2, as before we can find numbers i^'' < pk with (fkis^j^^) — > oo as — > oo, A<.(i['') 
47r as A: — > oo, and (pkis^j^^) / fki^r^i^^) — > for any L > 1 as A; — » oo. We proceed by iteration 
up to some maximal index ^ 1 where either Case 1 or (15.40b holds with final radii r*^''^ s^^°\ 
respectively. Hence 

lim Ai(if b = 47rfo, Hm ^A.(if = 0, VL > 1 (5.70) 

and 

Hm Nkis^f''\tk) = for any sequence tk = o(pk)- (5.71) 

This leads to 

hm hm Nk(sf \pklL) = 0. (5.72) 
For otherwise, we can find some yUo > such that up to a subsequence 

hm Nk{sl'"\pk) > lim Nk(sf\pklL) > 

for all L > 1. Take t[ e (sf^'^pk) such that 

0< limA^,(5f»\f;)< (5.73) 

where Co is a constant as in Lemma 5.3. Then by Lemma 5.4 we have 

lim lim Nk(sf''\tyL) = 0. 

L— >oo >oo 

In view of ( 15.71b and ( 15.73b . there exists some vo > such that up to a subsequence, > vopk 
for all k. This immediately implies (15.72b and completes Step 1 . 

To proceed, we introduce several terminologies concerning the classification of blow-up 
points near x*. Define a set 

^ = = {x,-,i,--- ,x,„„,), 

where each Xj^k, j ^ {h, ■ ■ ■ , 'ml, denotes a sequence (xy^). In the sequel we do not distinguish 
sequences (xj^k) and points xj^k, the reader can easily recognize it from the context. Let > be 
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a bounded sequence. For any j e {ii, - ■ ■ , !,„), we define a fj:-equivalent class associated with the 
sequence xj^k by 

[xj,k]rt [x(,k ■ dg{x(^k, Xj,k) = oih), ^ 6 {/i, ■ ■ ■ , /„,)} . 

The total number of sequences in is called the order of [xjk],i^. In particular, the order of 

[xj,k]jJ> is exactly one, while the order of [xjit]^ is m. Actually we have [xjii]s - X. Moreover, 

if xe^k 6 [xj,k]rt, then xj^k e [xckU- Also, if [xj^kh ^ [xi^kh + then [x;,^],,. = [xt^k\tf Hence 
every subset of X can be divided into several f^^-equivalent classes, any two of which have no 
intersection. 

For any \ < £ < m, we say that the property {Jie) holds for some fi;-equivalent class {xj^k\tk 
of order (, if either (a) there exist Vk > and integer such that for some eo > and all 
t G [vk, tk\ there holds ipf{t) > eoipfivk), hf{Lrk) 47r/W and N^ii\Lrk, tk/L) as k ^ oc 
first, and then L — > oo; or (/?) there exist sequences < Sk < ft and an integer 7*^* such that 
ip^i\sk)lipf{Lrk) ^ as A: ^ oo for any L > 1, h^^\tklL) Anl'^J^ and N^^\sk,tklL) ^ as 
^ — > oo first, and then L — » oo. While we say that the property (,!?[„,) holds, if there exits some 
j e{i\, - ■ ■ , /,„) and integer Z*-'^ such that lS^j^\6IL) — > 47r/*-'' as — > oo first, and then L — > oo. 

According to Proposition 5.1, when m - 1, holds. When m > 1, we let pkfi = pk and 
Pkj (1 < y < m - 1) be as defined in ( 15.881 ) and ( |5.92t below. It follows from Step 1 that ( Jl^) 
holds for any f^-equivalent class of order one, where 

tk ^ {pk,o,- ■ ■ ,Pk,m-l}- (5.74) 

Now we make induction on both orders of -equivalent class and m. Suppose that for some 
integer v > 1, when m = v, the property (^v) holds; while when m > v, the property (^e) 
holds for any -equivalent class of order I < £ < v, where tk is as in (15.74b . We shall prove 
the following: When m - v + \, the property {Jiv+i) holds; When m > v + \, the property ijMc) 
holds for any ft-equivalent class of order 1 < ^ < v + 1, where tk is as in ( 15.74b . Assuming 
this induction argument is complete, we conclude that { J[,„) holds for any integer m. It is easy to 
see that ( 15.69b follows immediately from ijMm) and the fact that Uk — > Uoo in Cl^JJ.\{x\, ■ ■ ■ ,x*]). 

In the next two steps, we shall prove that {Jl,„) holds for m-v+\. In Step 4, we shall prove 
that (yif) holds for any -equivalent class of order \ < ( < v + \, where tk is as in (15.74b . 

Step 2. Blow-up analysis at the scale pk- 

Let m - V + \. Now we turn to carry out blow-up analysis at the scale pk near 'xi^k- We first 
assume that for some L > 1 there exists some sequence (xk) such that pk/L < Rk{xk) < \xk -^i,k\ ^ 
Lpk and _ 

\xk - Xi,kfuk(xk)fk(xk,Uk(xk)) > vo > 0. (5.75) 

By Proposition 4.1 we may assume that \xk - "x^l = Pk- The following estimate is important for 
our subsequent analysis. 

Lemma 5.9 Assuming ( 15. 751 ), we have (pk{pk)/'Pk{rf''^) as k ^ oo. 

Proof. If we suppose that there exists some eo > such that (pk(pk) ^ eo>Pk{''k°^), then we set 

Wk(x) = ipk(rf''^)(^k(x) - nirf^)\ xe^. 
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Similar to Lemma 5.2, there holds for any b <2 



Wkir) <b\og — + C (5.76) 
r 

for all r 6 [rf°\p^]. Let Ok be as defined in (ISlST l. By (H5) and {in) of Proposition 3.1, we find 
some uniform constant C such that 

V*('-f°')^*('-f''') ^ (5.77) 

Hence we obtain 

\xk - Xi,kfuk(xk)fk(xk,Uk(xk)) < Cpl(pk(pk)Ok(pk) 



C(rf"^fiPk(rf°^)0k(ri'°') 



Pk 



(4) 
V'/t / 

2 n^„nw.„2,„.^_ .„2, (fo) 



y<:(p<:) 6><;(p<:) 

^,(rf°') 0i(rf°') 



< C [pklr^l"^^ g(i+o(i))(i+fo)^7tte) 

< C(pjrf°') °' ^0 (5.78) 

as A; — > oo, if we choose b < 2 such that (1 + ei))b > 2. Here the first inequality follows from 
Proposition 4.1, the second one follows from (H4), (H5) and ( 15.771 ). while the third one is a 
consequence of our assumption (fkipk) ^ ^ofkirf"^), and the last one is implied by ( 15.761 ). The 
contradiction between (15.78b and ( 15.75b ends the proof of the lemma. □ 

Lemma 5.9 implies that for any e > there exists Tk e [rf''\pk] such that (fikiTk) = eipkirf"^). 
Hence at scales up to o{pk) we end with ( 15.40b . where £ is replaced by {q. The desired quantiza- 
tion result at the scale pk then is a consequence of the following result. 

Lemma 5.10 Assuming ( 15. 751 ), then up to a subsequence we find some ao > vq such that 

lim \xk - 'xi^kf"uk(xk)fk(xk,Uk(xk)) = ao- (5.79) 

k—>co 

Moreover there exist a finite set Soo C such that 

_____ 7 
rikix) = Uk(xk)(uk(xi^k + Pkx) - Uk(xk)) T](x) = log 



V^(l + |X|2) 

in CjjR^ \ Soc) ask^oo. 



Proof. It is obvious that (15.79b holds for some ao ^ vo > 0. Define 

Vk(y) ^Uk(xi,k +Pky) 
for y e Qi = {y e R2 : li^k + Pky e Let 

Xj,k Xi^k 



yj,k = 



Pk 
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and 

•Sk = = [yj,k '■ j - h,-- ■ , iv+i] ■ 
Without loss of generality we assume either lyj^kl — » oo or yj^k yj, j - h,' ■ ■ , 'v+i, and we let 
Soo - S^^ be the set of accumulation points of Sk ■ Also we let 

yo,k = 

Pk 

be the scaled points of Xk for which ( 15.75b holds and which satisfy |yo,*:l - 1- Moreover we can 
assume yo.yt yo as k ^ co. 

Since Uk(xk) ^ oo by ( 15.75b and S^o is a finite set, we have by using Proposition 4.1 and a 
standard covering argument that 

Vk - ^k(xk) — » locally uniformly on M} \ Sex, (5.80) 

as ^ ^ oo. Using the same argument as in the proof of Lemma 5.6, we obtain 

ijk^Tj in Cl^{R^\S^), 

where rj e C'"(]R.^ \ Soo) satisfies the equation 

-Ar2 7; = aoe^'' in R^\Sco. 

It follows from ( 15.80b that Vkfukixk) — > 1 locally uniformly on \ S^o- For any L > 1 we write 

= Bz.(0) \ (U,,es^Ms/L(yj)). 

Combining (H4), (H5), ( 12.4b and ( 15.80b . we can estimate 

f e^'^dx < lim lim f ^e''^'"''>>"^^''^^^dx 
Jr2 -L^"" Jkl Uk{xk) 



.. .. , Uk(Xi,k+ PkX)fk(Xi,k+ PkX,Uk(Xi,k+ Pkx)) , 

lim lim I — dx 

L— >oo >co 



Uk(Xk)fk(Xk, Uk(Xk)) 

c r c 

< — limsup I Ukfk(x,Uk)dVg < — . 

Since yj^k — > as — > oo, we can take sufficiently large L and k such that Mxiiiyj) c 
V>2iL{yj,k) and B2/L(3'j,t) n "^uLiya.k) - for any a + j. Moreover let € be the order of the 
Pi: -equivalent class {xjk\p;,- Clearly ^ < v. By our inductive assumption, {Jit) holds for {xj^k}pf 
Noting that Lemma 5.9 excludes the possibility of Case 1 with r^'' replaced by r'^°\ we can find 
sequences r^-'' < s"^^ such that 

\imn{sf)IVk{Lrf)^Q, VL>1. (5.81) 

K— >00 

and 

Hm Hm N^hs?,pklL) = 0, (5.82) 

Note again that yj^k yj as k oo. There exists some constant C, which may depends on \yj\ 
but not on k, such that \xj^k - 'xi,k\ ^ Cpk- For any Xa^k i [xj,k\pt, we can take some large Lq such 
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that - Xq. ^! > pii/(2Lq) for all sufficiently large k. Recalling that [x^^ - tl - pk and applying 
Proposition 4.1, we obtain 

Uk{xk) < inf Uk + C 

for some uniform constant C. As in the proof of Lemma 5.2, we can find another uniform 
constant C such that for all x e B2pj/L|,(x,;^) 

likix) > inf _ Hk- C. 

These two estimates immediately imply the existence of some uniform constant C such that 

Ukixk) < Ukix) + C for all x e M2ptiL(xj,k), (5.83) 

provided that L > Lq. Notethatg = e'^((ix'^ + (ix^^) for some smooth function (ir with (/'(0, 0) - 0. 
By the equation ( 11.21 ). we have for large L 

\ |AR277t|c/x < I pluk(xk)fk(xi,k+PkX,Vk(x))e'''(^''^P''-'^dx 

+ I pluk(xk)n(Ji,k + pkx)vk(x)e'^'''-*^P'-'''dx 

< [ pluk(xk)fkixi,k+PkX,Vk(x))e'^'^^-'^P''^dx 
JB2,L(yj.t) 

+ ( pluk(xk)Tk(Ji,k + Pkx)vk(x)e'''(^'*^P'''''>dx 

= f uk(xk) (fk(y,uk(y)) + n(y)uk(y)) e'^'^^dy. 
With the help of ( I5.81b -( l5.83l i and an obvious analogy of ( 15.261 ). we obtain 

lim lim I \AT^2rjk\dx - 0, 
analogous to ( 15.591 ). In the same way of proving (15.651 ) we get 

lim lim I rjkdx - 0. 

In view of (15.83b . we can find some uniform constant C such that for all y e dMi /liyj) 

Ukixk) fuk(x j,k +Pky) < C, 
which together with Proposition 4. 1 leads to 

\y - y j,k\\^R'-r]k(y)\ = S,* + ptx - Xj,k^k{xk)\v^2Uk(xj^k + pkx)\ < c. 

This gives that 

C 

|VK2 7?t(y)l < 



\y-yj\ 
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for all y e dMi/iiyj), provided that k is sufficiently large. Then we obtain the analogy of ( 15.681 ). 
namely, for any (p € C^(1S?) 

Um I ifidvT]dcr = Um I -qdyipdcr - 0. 

This exclude as a singular point of 77 as in Lemma 5.6. Since is any point ofSoo, we conclude 
that 77 is a smooth solution to the equation 

-Ar2/7 = aoe^'' in Ml 

n 

The remainmg part of the conclusions of the lemma follows from a result of Chen-Li [5] imme- 
diately. □ 

Define a set 

Al,u = {jc e Q : p^/L < Rk{x) <\x- < Lpu] . (5.84) 

It follows from Proposition 4.1 that Uk{x) fukixk) 1 uniformly in Aik as A: — > 00. Thus by 
Lemma 5.10, in case of (15.751 1 there holds 

J'^ ~ ~ ~ r iik{x)h{x, uiiix)) 
Uk(x)fk(x,Uk(x))dx = ffo lim lim ( — — — dx 
AL.t ■ '^^'^ Uk(Xk)fk(Xk, UkiXk)) 

= ao r e^'"-'''dx 
An 

= ao—^An. (5.85) 

Let 

Xk^i - Xf^ - {xj^k : 3C > such that \xj^k - ^.il < Cpk for all k]. (5.86) 

We can divide Xk^\ into several pj: -equivalent classes with their orders no more than v. Recalling 
our inductive assumption (^f) with \ < C <v and using (15.85b . we can find some integer / such 
that 

lim lim Ak(Lpk) - Anil + /). 
On the other hand, if ( 15.75b does not hold, we have 

lim lim I Ukfk(x,lik)dx - 0. (5.87) 

L^oo k^oo J^^^ 

The energy estimate at the scale pk again is finished. 
Step 3. Blow-up analysis at scales exceeding pk- 

Now we deal with blow-up analysis at scales exceeding pk near x, ^. Write 
Recalhng ( 15.86b . we let 

f inf if X,,o \ Xk.i + 

5, if X,,o \ = 0. 
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From this definition it follows that pk,ilpk ^ oo as ^ ^ oo. Then, using the obvious analogy of 
Lemma 5.4, either we have 

lim lim Nk(Lpk,pk,\/L) = 0, 

L — >oo k—>oo 

and we iterate to the next scale; or there exist a sequence tk such that tk/pk — > tk/pk.i — > as 
A; — » oo and up to a subsequence such that 

Pk(tk) > vo > for all large k. (5.89) 

The argument then depends on whether ( 15.751 1 or ( 15.871 ) holds. In case of (15.75b . as in Lemma 
5.9, the bound (15.891 1 and Lemma 5.10 imply that fk(tk)/'Pk(Pk) — > as A: — > oo. Then we can 
argue as in ( 15.40b for r e [Lpk,pk,\/L] for sufficiently large L, and we can continue as before to 
resolve concentrations in this range of scales. 

In case of (15.87b we further need to distinguish whether (15.40b or Case 1 holds at the final 
stage of our analysis at scales o{pk)- Recalling that in case of (15.40b we have (15.70b and ( 15.72b . 
in view of (15.87b for a suitable sequence of numbers such that sfl/pk oo, tkl sf\ ^ oo as 
A; — > oo we obtain 



lim lim 

L—>cc k^oo 



= 0, (5.90) 



where Aj^ (r) and " are computed as above with respect to the blow-up point xj^k and Xk^i is 
the modular set containing all ft -equivalent classes of Xk^\, whence the distance between any two 
points of Xk^\ is greater than vp^ for some constant V > 0. In particular, with such a choice of sfl 
we find the immediate quantization result 

lim Ak(sfl) = 47r/ 

for some positive integer /. Here again we use the inductive assumption that (y[/) holds for all 
Pi: -equivalent classes of order { with I < i < v. While in Case 1 if we assume there is some 
eo > such that 

<fk(4A^ > e^m(Lrf^) (5.91) 

.0 

'k '■'<:,1J 



for all r e [Lr." , sf]], then as before we have 



Um lim N\^'^iLrf°\ sf\) = 0. 
L^cot^co k ^ k ^ k,U 

This contradicts ( 15. 90b since sf\lpk — > oo as — > oo and the modular set Xk^\ has at least two 
elements. This implies that ( 15.91b does not hold and up to a subsequence there holds for any 
L > 1 

Hm ^— = 

VkiUk ) 



for all Xj^k 6 ^k,\ where Case 1 holds. Then we can continue to resolve concentrations on the 
range [sf\,pk^\IL\ as before. 

We then proceed by iteration. For ^ > 2 we inductively define the sets 



^k,e - ^^ke - \xj^k : 3C > such that \xj^k - Xi^k\ ^ Cpk,t-i for all ^| 
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and let 



inf ^iij^ if Xkfi\Xk,t*0 



Pu^Pu^i (5.92) 
' [ <J, if Xk,o \ Xk,e = 0. 

Iteratively carrying out the above analysis at all scales p^^c, exhausting all blow-up points up 
to a subsequence we obtain quantization result forX^ o- Then Step 3 is finished. 

It foUows from Step 2 and Step 3 that there exists some integer / such that 

Hm lim Akid/L) = Anl, (5.93) 

analogous to Lemma 5.5. Here and in the sequel, / may denote different integer. Hence the 
property (^1,,,) holds when m-v+\. 

Step 4. (y[f) holds for \ < ( <v + \ when m > v + 1. 

When m > v + 1, by our inductive assumption, (J?lf) holds for all 1 < £ < v, it suffices to 
prove that (^Iv+i) holds for any f^-equivalent class [xj^],, of order v + 1, where j e {ii, ■ ■ ■ , /„,) 
and tit is as in ( I5.74l i. This is completely analogous to that {^,„) holds in the case of m = v + 1, 
which we proved above, except that ( 15.931 ) is replaced by 

lim lim hf{tklL) = AnI 
for some integer /. We omit the details here. This ends Step 4. □ 
Proposition 5.8 follows from the property (,!?[„,) and the last assertion of Proposition 3.1. 

6. Completion of the proof of Theorem 1.1. 

In this section, we complete the proof of Theorem 1.1. Let xi^k — > x* as A; — > oo, 1 < / < A^, be 
as in Proposition 3.1. In view of possible complicated blow-up points, without loss of generality, 
we may assume for some q < N, x\, ■ ■ ■ , x* are different from each other and x*^ e {x\, - ■ ■ ,x*} for 
any q + 1 < i < N. For any 1 < i < q, we take an isothermal coordinate system (f/,-, 0;; {x^x^}) 
near x* such that <pi(x*) = (0,0) and f/, - (f)T^ (Rg{Q)), where 6 is chosen sufficiently small such 
that Ui does not contain any x* with j e {I, - ■ ■ ,q} \ {/). It follows from Propositions 5.1 and 5.8 
that for some integer there holds 



lim lim I Ukfk(x,Uk)dvg - 4-kI^'\ 

By Proposition 3.1, — > Mco in C^^^.i'^ \ {xl, ■ ■ ■ ,x*)) as A: — > oo. hence 

lim lim | u^fkix, Uk)dvg — I Ucofkix, Uco)dvg. 

Combining these two estimates, we obtain 

lim lim I Ukfk(x,Uk)dv^— I Uo!,fk(x,Uoo)dvg + 47: y 



i=l 
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This together with (ll.2l l leads to 



Um Hm I (|V„Mt|^ + Tkul)dvg = f (|V„Moo|^ + T^ui,)dvg + 4k V 7®. 
In view of (12.2b . or particularly (12.5b . we then have 

9 

Um /i:(Mi:) = /oo(Moo) + 47r V 7®. 

jt— >co ^— i 

!=1 

This completes the proof of Theorem 1.1. □ 
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